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Introduction
Let d be a positive integer which is not a perfect square and N be any nonzero fixed integer. Then the equation . . , a n−1 , 2a 0 ] where n is the period length and the a j ′ s are given by the recursion formula; a 0 = √ d, a k = a k and a k+1 = 1 x k −a k , k = 0, 1, 2, . . . Recall that a n = 2a 0 and a n+k = a k for all k ≥ 1. Then n th convergent of √ d is given by p n q n = [a 0 , a 1 , a 2 , . . . , a n−1 , a n ] = a 0 + 1 a 1 1 a 2 + 1 . . . 1 a n−1 + 1 an n ≥ 0
In this paper, we give the fundamental solution of the equation [2] , [9] and [26] .
Furthermore, in this work, we derive some algebraic relations on the Pell form
± i including cycle, proper cycle, reduction and proper automorphism of it. Also we determine the integer solutions of the Pell equation
The main results of this paper also generalized the results presented in [37] .
Basic Setup
If N is a quadratic non-residue modulo d, then the Pell Equation x 2 −dy 2 = N has no integer solution. If N is a perfect square, then the Pell Equation x 2 − dy 2 = N is solvable in integers for all positive, non-square integers d. The equation x 2 −dy 2 = 1 has a solution in positive integers x and y for all positive, non-square integers d. If (x, y) = (u, v) is a positive integer solution of x 2 − dy 2 = 1, then there exists a positive integer m such that u + v
where (x 1 , y 1 ) is the fundamental solution of x 2 − dy 2 = 1. If we know the fundamental solutions of the equations x 2 − dy 2 = ±1 and x 2 − dy 2 = ±4 then we can give all positive integer solutions to these equations. For more information about the Pell equation, one can consult [25] and [20] .
The generalized Fibonacci and Lucas sequences f n (w, z) and L n (w, z) are given in the followings:
Let w and z be two nonzero positive integers with w 2 + 4z ≥ 0. The generalized Fibonacci and Lucas sequences with initial conditions f 0 (w, z) = 0, f 1 (w, z) = 1 and L 0 (w, z) = 2, L 1 (w, z) = 0 are of the form f n (w, z) = wf n−1 (w, z) + zf n−2 (w, z), L n (w, z) = wL n−1 (w, z) + zL n−2 (w, z) ∀ n ≥ 2, respectively. They can also be represented by the closed formula f n (w, z) = α n −β n α−β and L n (w, z) = α n + β n , where
. This identity is well known as Binet's formula. It is easy to see that α + β = w, α − β = √ w 2 + 4z and αβ = −z. For more information about the generalized Fibonacci and Lucas sequences, one can consult [16] , [30] , [22] and [23] .
be the convergent of the continued fraction expansion of √ d, and let l be the length of the expansion.
• If l is even, then the fundamental solution of x 2 − dy 2 = 1 is given by
and the equation x 2 − dy 2 = −1 has no solutions.
• If l is odd, then the fundamental solution of x 2 − dy 2 = 1 is given by
Theorem 2.2. If x 1 , y 1 is the fundamental solution of x 2 − dy 2 = 1, then every positive solution of the equation is given by x n , y n , where x n and y n are integers determined from 
The following two theorems are given in [20] .
Theorem 2.4. If x 1 , y 1 is the fundamental solution of x 2 − dy 2 = 4, then every positive solution of the equation is given by x n , y n , where x n and y n are integers determined from
Theorem 2.5. If x 1 , y 1 is the fundamental solution of x 2 − dy 2 = −4, then every positive solution of the equation is given by x n , y n , where x n and y n are integers determined from
The following theorems are given in [32] . 
Basic Setup 2
A real binary quadratic form (or just a form) F is a polynomial in two variables x and y of the type
with real coefficients a, b, c. We denote F briefly by F = (a, b, c). The discriminant of F is defined by the formula b 2 − 4ac and is denoted by ∆. A quadratic form F of discriminant ∆ is called indefinite if ∆ > 0, and is called integral if and only if a, b, c ∈ Z. An indefinite quadratic form F = (a, b, c) of discriminant ∆ is said to be reduced if
Most properties of quadratic forms can be giving by the aid of extended modular group Γ (see [34] ). Gauss defined the group action of Γ on the set of forms as follows:
If det g = 1, then g is called a proper automorphism of F and if det g = −1, then g is called an improper automorphism of F . Let Aut(F ) + denote the set of proper automorphisms of F and let Aut(F ) − denote the set of improper automorphisms of F (for further details on binary quadratic forms see [14] , [5] , [7] and [24] ). Let ρ(F ) denotes the normalization (it means that replacing F by its normalization) of (c, −b, a). To be more explicit, we set
sign(c j )
for j ≥ 0. The number r j's called the reducing number and the form ρ j+1 (F ) is called the reduction of F. Further if F is reduced, then so is ρ j+1 (F ). In fact, ρ is a permutation of the set of all reduced indefinite forms. Let τ (F ) = τ (a, b, c) = (−a, b, −c). Then the cycle of F is the sequence ((τ ρ) j (G)) for j ∈ Z, where G = (A, B, C) is a reduced form with A > 0 which is equivalent to F. The cycle and proper cycle of F is given by the following theorem [13] :
In this case the equivalence class of F is equal to the proper equivalence class of F , and if l is even, then the proper cycle of F is
of length l. In this case the equivalence class of F is the disjoint union of the proper equivalence class of F and the proper equivalence class of τ (F ).
Main Results
In this section, we will give our main results about the positive solutions of the Pell equations x 2 − dy 2 = ±1, and 
, one can obtained the required form of the continued fraction. , 2h] and
ii: Let us consider the Pell equation
, h] and
Proof. The period length of the continued fraction of d + i is 2 by theorem 4.1. 
Thus it follows that
Theorem 4.8. The fundamental solution of the Pell equation 
n . Now, let us consider α
Thus we can give the following corollaries.
m , then the fundamental solution to the equation • If c = b and k = l = m = 1, then the main results of [9] become the corollaries of our main results.
• If c = a and k = l = m = 1 and b = 1, then the main results of [26] become the corollaries of our main results.
Main Results 2
Let us consider the matrix M ±i associated with d ± i and corresponding fundamental solution
In the following theorem, we able to determine the n th power of M ±i which we use it later. (Here, we note that
).
Theorem 5.1. If n ≥ 0, then the n th power of M ±i is given by
where a: If n is even
Here we will give the proof for d + 2 by mathematical induction on n. If n = 2, then
, where
So it is true for n = 2. Let us assume that it is true for n − 2, that is, M
, where M n−2 11
We will prove it for n, since M
Similarly, it can be shown that for M In the following theorem, we will show that the n th integer solution (
Proof. From 4.6, we can write the n th solution for d
after simplification, we get the required solution.
Now we can consider the Pell form
and note that this form is not reduced since | √ 4d − 1| > 0. So we can give the following theorem related to reduction of
ii: The reduction of
iii: The reduction of
iv: The reduction of
Proof. Let Then we can give the following theorem which can be proved as in the same way that theorem 5.1 was proved. 
